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Abstract

Regularized empirical risk minimization using kernels and their corresponding reproducing ker-
nel Hilbert spaces (RKHSs) plays an important role in machine learning. However, the actually
used kernel often depends on one or on a few hyperparameters or the kernel is even data depen-
dent in a much more complicated manner. Examples are Gaussian RBF kernels, kernel learning,
and hierarchical Gaussian kernels which were recently proposed for deep learning. Therefore,
the actually used kernel is often computed by a grid search or in an iterative manner and can
often only be considered as an approximation to the “ideal” or “optimal” kernel.

The paper gives conditions under which classical kernel based methods based on a convex Lip-
schitz loss function and on a bounded and smooth kernel are stable, if the probability measure
P, the regularization parameter A\, and the kernel K may slightly change in a simultaneous
manner. Similar results are also given for pairwise learning. Therefore, the topic of this paper
is somewhat more general than in classical robust statistics, where usually only the influence of
small perturbations of the probability measure P on the estimated function is considered.
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1 Introduction

Regularized empirical risk minimization using the kernel approach including support vector ma-
chines (SVMs) based on a general convex loss function and regularized pairwise learning (RPL)
methods plays a very important role in machine learning. Such kernel methods have been widely
investigated from the points of view of universal consistency, learning rates, and statistical robust-
ness, see e.g. |Vapnik| (1995, |1998), [Scholkopf and Smolal (2002), |Cucker and Smale, (2002), Cucker
and Zhou| (2007)), Steinwart and Christmann! (2008), and the references cited in these books. In
short words, universal consistency describes the property that the statistical method or the algo-
rithm converges to the asymptotical optimal value of interest (i.e. the Bayes risk or the Bayes
decision function) for all probability measures P, if the sample size n converges to infinity and if
the regularization parameter A\, converges in an appropriate manner to 0. Unfortunately, it turns
out by the so-called no-free-lunch theorem shown by Devroye (1982)) that universally consistent
methods can in general not have a uniform rate of convergence for all P. However, there is a vast
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literature that regularized empirical risk minimization based on kernels yields optimal guaranteed
rates of convergence on large subsets of the set My of all probability measures, see e.g. |[Cucker and
Smale| (2002), Smale and Zhou (2007)), |Caponnetto and De Vito| (2007), Xiang and Zhoul (2009),
Steinwart et al. (2009), and the references cited therein. Results on the statistical robustness or on
various notations of stability have shown that under weak conditions on the loss function L and
on the kernel K or its RKHS H, many regularized empirical risk minimization methods including
general SVMs and RPL methods are stable with respect to small changes in the probability mea-
sure P or w.r.t. small changes of the data set, see e.g. Bousquet and Elisseeff| (2001)), (Christmann
and Steinwart (2004} [2007)), Poggio et al.| (2004)), [ Mukherjee et al. (2006), |Christmann et al. (2013),
Hable and Christmann (2011, Hable| (2012)), Christmann and Zhou (2016) and the references cit-
ed therein. Such kernel methods can often be represented by operators which are continuous or
differentiable (in the sense of Gateaux or Hadamard) all probability measures P.

The aim of the present paper is to take a step further: we establish some total stability results
which show that many regularized empirical risk minimization methods based on kernels are even
stable, if the full triple (P, \, K) consisting of the — of course completely unknown — underlying
probability measure P, the regularization parameter A\, and the kernel K (or its RKHS H) changes
slightly. Our main results are Theorem Corollary and Theorem for classical loss
functions and Theorem Corollary and Theorem [3.5] for pairwise learning. In particular, we
establish results like

1Py K1 — [Para Ko lloo = O([P1—Palle) + O (|A1 — X2]) +0(51612(HK2(', ) —Ki(- 7)), (1.1)

where fp; x, i; denotes the regularized empirical risk minimization method for the triple (P, A;, K;),
j € {1,2}, and ||P; — P2||¢, denotes the norm of total variation between the two probability mea-
sures. We explicitly give the constants in (1.1)), although the constants may not be optimal.

The rest of the paper has the following structure. Section 2 yields results for general SVM-type
methods based on a classical loss function L(x,y, f(x)). Section 3 yields similar results for pairwise
learning based on functions of the form L(z,Z,y, 9, f(x), f(Z)). Section 4 gives some examples of
practical importance. Gaussian RBF kernels and the recently introduced hierarchical Gaussian
RBF kernels for deep learning, see Steinwart et al. (2016), are covered by our results. Section 5
contains a short discussion. All proofs are given in the appendix. As this is a theoretical paper, we
omit numerical examples.

2 Results for SVMs

In this section we show that many kernel based methods like SVMs have nice total stability prop-
erties if simultaneously the distribution P, the regularization parameter A and the kernel K slightly
change.

Assumption 2.1. Let X' be a complete separable metric space and ) C R be closed. Let (X,Y) and
(X5, Y:), i € N, be independent and identically distributed pairs of random quantities with values in
X x Y. We denote the joint distribution of (X;,Y;) by P € My(X x V), where My(X x V) is the
set of all Borel probability measures on the Borel o-algebra Bxxy .

Let K : X xX — R be a continuous, symmetric and positive semidefinite function, i.e., for any finite
set of distinct points {z1,...,2,} C X, the kernel matrix (K(xi,xj))ﬁjzl is positive semidefinite.
Such a function is called a Mercel kernel. The reproducing kernel Hilbert space (RKHS) H associated
with the kernel K is defined in |Aronszajn (1950) to be the completion of the linear span of the
set of functions {K (-, z) : € X'} with the inner product (-, )y given by (®(x), ®(y))g = K(z,y),
where ®(z) := K(-,z) denotes the canonical feature map of K, z € X. RKHSs are interesting,



because they satisfy the reproducing property
(®(x), flu=flx), zeX, feH (2.1)

Assumption 2.2. Let K, K1, Ko : X XX — R be continuous and bounded kernels with reproducing
kernel Hilbert space H, Hy, Ho, respectively. Define || K|/ := sup,ex v/ K(x,x) € (0,00), | Koo :=
sup,cx VKj(z,z) € (0,00) for j € {1,2}, and denote k = max{||Ki|oc, |[K2|l}. Denote the
corresponding canonical feature maps by ®;(x),j € {1,2}.

A function L : X x Y x R — [0, 00) is called a loss function if L is measurable with respect to all
Borel probability measures. Because constant loss functions are not useful for applications, we will
always assume that L is not a constant function.

A loss function L(z, y,t) is usually represented by a margin-based loss function L(yt) for classifica-
tion and represented by a distance-based loss function L(y — t) for regression if L : R — [0, 00) is
a measurable function. For example, the hinge loss Lyinge(2,¥,t) = max{0,1 — yt} and the logis-
tic loss Lelogist (%, 4, t) = In(1 4 exp(—yt)) for classification, the e-insensitive loss Le.ingens(,y,1) =
0.5(y —t)2 ifly—t|<a

max{0, |y—t|—e} for some € > 0, the Huber’s loss L. z,y,t) =
0 ly=tl=¢) erHuber (%) {a\y—t!—0.5a2 ifly—t > a

. . 4 ex —t . .
for some o > 0 and the logistic loss Ly.iogist(7,%,t) = —In % for regression, the pinball
—Dy—t) ifly—t| <0
loss Lr_pin(x,y,t) = (r )y —=1) 1 ly =1l for some 7 > 0 for quantile regression. We refer
T(y —t) if ly—t[=0

to [Vapnik]| (1995} [1998)), |Scholkopf and Smolal (2002)), Berlinet and Thomas-Agnan| (2004)), Cucker
and Zhou| (2007), Steinwart and Christmann (2008), [Shi et al. (2011), and Zuo et al.| (2015) for
details and more examples of kernels.

Definition 2.3. The loss function L is called Lipschitz continuous, if there exists a constant |L|; <
oo such that

\L(z,y,t1) — L(z,y,t2)| < |Lh|t1 —ta] Vo € X,y € V,t1,t2 € R. (2.2)

Assumption 2.4. Let L be a convexr with respect to the last argument and Lipschitz continuous
loss function with Lipschitz constant |L|; € (0, 00).

Assumption 2.5. For all (x,y) € X x Y, let L(x,y,-) be differentiable and its derivative be Lip-
schitz continuous with Lipschitz constant |L'|; € (0, 00).

The moment condition EpL(X,Y,0) < oo excludes heavy-tailed distributions such as the Cauchy
distribution and many other stable distributions used in financial or actuarial problems. We avoid
the moment condition by shifting the loss with by the term L(x,y,0). This trick is well-known in the
literature on robust statistics, see, e.g., [Huber (1967), Christmann et al. (2009), and |Christmann
and Zhou (2016]).

Denote the shifted loss function of L by
L*(x,y,t) := L(z,y,t) — L(z,9,0), (z,y,1) € ¥ x Y xR

The shifted loss function L* still shares the properties of L specified in Assumption [2.4|and Assump-
tion see |Christmann et al.| (2009, Proposition 2), in particular, if L is convex, differentiable,
and Lipschitz continuous with Lipschitz constant |L|; with respect to the third argument, then L*
inherits convexity, differentiability and Lipschitz continuity from L with identical Lipschitz con-
stant |L*|y = |L|;. Additionally, if the derivative L’ satisfies Lipschitz continuity with Lipschitz
constant |L'|1, so does (L*)" with the identical Lipschitz constant |(L*)'|; = |L'];.



The SVM associated with L* can be defined to solve a minimization problem as follows
feox = argmin (EpL* (X, Y. £(X) + AlfII7), (2.3)

where P € M (X x Y), H is the RKHS of a kernel K, and A > 0 is a regularization parameter to
avoid overfitting.

Although the shifted loss function L* changes the objective function of SVMs, the minimizers
defined by L* and L respectively are the same for all P € M;(X x V) and in particular for all
empirical distributions D based on a data set consisting of n data points (z;,;), 1 < i < n, if the
minimizer of an SVM in terms of L instead of L* exists.

Our first main result states that the kernel based estimator fp ) x defined by only changes
slightly if the regularization parameter wiggles a little bit. [Ye and Zhou! (2007, Theorem 1) proved
the assertion of the following result for margin-based loss functions for classification. Here we show
it holds true for more general loss functions.

Theorem 2.6. Let Assumptions|[2.1] and (2.5 be satisfied. Let fp x i and fp i be defined
by . For all A > 0, > 0, we have

1 ymax{\, u}
- < S (i) .
| feax — feuklla < 2<min{)\,u} (I fpn e + || fouxlla)
If there exists a constant r € (0,00) such that min{\, u} > r, then

| L]1 [ K |oo
2

I feax — feuklla < A= | = O(N = p)).

In order to present our total stability theorem for kernel based methods like SVMs, we first recall
the definition for the norm of total variation of two probability measures P,Q € M;(X x Y):

)

du(P.Q)i= sup |P(A)~ Q)| = gsup| [P~ [ aQ

AEBXX)}

where the supremum is taken over h : X x )V — [—1,1] ranging over the set of all measurable
functions with respect to all Borel probability measures.

The following total stability theorem states that if both regularization parameters are greater than
some specified constant, the supremum norm of the difference fp, \, K, — fP, )., K, Varies in a smooth
manner, if (P, \, K) changes only slightly.

Theorem 2.7. Let Assumptions cmd be satisfied. If min{\y, Ao} > r:= %/{2|L’|1,

then
1 fps a0 = fPa o ks lloo < e1(L)-[P1=Pallivtea(L)- A =Aal+e(Ly Aa, Ao)-sup [ Ko, 2) =K 2)loe,
xre
(2.4)
2|L 4L L
where ¢ (L) 1= \|L'\‘117 co(L) = HQHL',E, and c3(L, A1, Ag) := W

Remark 2.8. (i) Many popular loss functions satisfy Assumptions and. Three important
examples are the logistic 108s L.jogist for classification, the Huber’s 10ss Lo.-fuper and the
logistic l0ss Ly.jogist for regression. These three loss functions as well as their first order
derivatives with respect to the last argument are Lipschitz continuous with Lipschitz constants
|Lc—logist|1 = 17 ‘L/c—logist‘l = i7 ‘La—Huberh =, |Lix—Huber‘1 = 17 ’Lr—logist‘l = 1; and ‘L/r—logisth =
%, respectively.

(it) Unfortunately, we cannot prove holds true for all A > 0. Note that the RKHS-norm of

the difference fp, x, Kk, — [Po,ro,K, 18 undefined here because Theorem does not assume

any relationship between Hi and Ho. We will later consider the case that Hy C Hj.
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Denote the L*-risk of f by Rp«p(f) = EpL*(X,Y, f(X)). In the following corollary we establish
total stability also in terms of the L*-risk.

Corollary 2.9. Let the assumptions of Theorem[2.7 be satisfied and the constants c1(L),co(L) and
c3(L, A1, \2) be defined in the same manner. Define r := %K2|L/|1. If there exists a constant s such
that 0 < s < min{A1, Ao} —r, then

/P K1 — fPaa Ko lloo < e1(L) - [[P1—Pa|lsy +ca(L) - [A1 — Aa| +E3(L) - Sup [ K2 (- ) — K1 (-5 ) || oo,
xe
(2.5)
and

I RLx Py (fPrn k1) — Rix o (fPoa k)| (2.6)
< (L) - [Py — Pallew +es(L) - A1 — Aa| +c6(L) - sup [ K2(, ) — K1(+ ) || o
e

AL

where 3(L) := %’ ca(L) = 17y es(L) = ALY

IR

and cg(L) = % .

Therefore, both terms |’fP1a>\17Kl - fP27)\2,K2HOO and ‘RL*7P1 (fpl)\l,Kl) - RL*:PQ(fPQ,A%K?)‘ are of
the order

O(IPy = Pae) + O (10 = Xal) + O(sup [Ka(-,2) = K1 () o) (2.7)

Theorem and Corollary establish the upper bounds with respect to the supremum norm
without any assumptions on the unknown probability measures P1, Py and the kernels K7, K5 be-
sides continuity and boundedness. However, Theorem and Corollary unfortunately exclude
the case of small values beyond min{A;, A2}. The next theorem shows a similar result for the case
of the norm in a reproducing kernel Hilbert space, but for all Aj, Ao > 0.

Provided some prior knowledge on RKHSs H; and H» is available, we assume
Hy, C Hy. (2.8)

Then we can show that a similar total stability theorem to Theorem [2.7] holds true in terms of
Hi-norm. Please note that the following result holds true for all positive A\; and Ao, which is
contrasted to Theorem

Theorem 2.10. Let Assumptions and [2.4] be satisfied. Assume that Hy and Hs satisfy

(i) If additionally the loss function L is differentiable, then, for all A1, A2 > 0, we have

||fP17>\17K1 - sz,)\z,K2HH1

S C/I(La >\].7)\2) : ||P1 - P2”tv + Cl2(L7 )\17)\2) : |)\1 - >\2’
+C§’;(L’ A1, )‘2) - sSup HKl(vx) - KQ(‘?'I)”HU
zeX
L L L
where ¢} (L, A1, \2) := 7@;{')\1"1/\2},0’2([/, A1, Ag) = 7mi:{|/\%?)\§}, and c5(L, A1, A2) == 72111111{;11)\2}.

(i) Assume that the loss function L(x,y,t) can be represented by a margin-based loss function

L(yt) for classification or by a distance-based loss function L(y —t) for regression, which are
convez and Lipschitz continuous with Lipschitz constant |L|1 € (0,00). Then for all A1, Ao > 0,

we have
||fP17>\1,K1 - sz,)\z,KQHHl
< AL, A1, A2) - ||P1— Pallw + &5 (L, A1, A2) - [ A1 — Mgl
+3(L, A1, A2) - sup || K1 (-, @) — Ko (-, @) ||y,
zeX
where & (L, Ay, \a) 1= =L & (F Xy ) o= —ELand & (F, Ay, Mg) = o HL
1Ly ALy A2) . min{ i, ho}’ 2\ 1,172) - min{/\%,)\g}’ g\Ly ALy A2) . 2min{ A, 2}



Remark 2.11. There are many popular margin-based loss functions for classification and distance-
based loss functions for regression satisfying Assumption . These include the hinge loss Lpnge
and the logistic l0ss L.jogist for classification, the e-insensitive 10ss Le_insens, the Huber’s loss
Lo-tupers and the logistic l0ss Ly.jo4st for regression, the pinball loss Ly _pi, for quantile regression,
which are defined before. All these loss functions are Lipschitz continuous with Lipschitz con-
stants |Lhinge’1 = 17 ‘Lc—logist‘l = 17 |Le—insens‘1 = 17 |La—Huber’1 = q, |Lr—logist’1 = 17 and |LT—pin|1 =
max{7,1 — 7} € (0,1), respectively.

3 Results for pairwise learning

Let (X, .A) be a measurable space and ) C R be closed. A function
L: (X x)Y)?xR?—=[0,00) (3.1)

is called a pairwise loss function, or simply a pairwise loss, if it is measurable. A pairwise loss
L is represented by p, if p: R — [0,00) is a measurable function and, for all (z,y) € X x ), for
all (Z,9) € X x Y, and for all t,£ € R,

L(x’yvjvgatvf) = p((y*t)i(gft))' (32)

Definition 3.1. A pairwise loss L is called

(i) (strictly) convex, continuous, or differentiable, if L(z,y,Z,7, -, ) : R?> — [0,00) is
(strictly) convex, continuous, or (total) differentiable for all (z,y,%,7) € (X x V)2, respec-
tively.

(ii) locally separately Lipschitz continuous, if for all b > 0 there exists a constant ¢, > 0
such that, for all t,t,t',t" € [~b,b], we have
sup |L($,y,i“, i,t,t) — L(x, y,:i‘,g],t',f’)‘ < ¢ (\t — |+ |t - f’|) . (3.3)
T,TEX
y,9€y
Moreover, for b > 0, the smallest such constant ¢, is denoted by |L|p1. Furthermore, L is

called separately Lipschitz continuouﬂ if there exists a minimal constant |L|; € [0, 00)
such that, for all t,t,t', ¢ € R, is satisfied, if we replace ¢y by |L|1.

It is essential to have a valid definition of the kernel method for all probability measures on X x ),
even if X and/or ) are unbounded. To avoid any moment conditions, which are necessary for
example for the case of the least squares loss function, we will need the following notion of shifted
pairwise loss functions. Let L be a pairwise loss function. Then the corresponding shifted pairwise
loss function (or simply the shifted version of L) is defined by

L*: (X xY)? xR? - R, (3.4)
L*(x7 y? i’? g? t? E) = L(Jj7 y? 'fi'? g’ t’ E) - L(:L" y’ j? g? 07 O)' (3'5)
We adopt the definitions of continuity, (locally) separately Lipschitz continuity, and differentiability
of L* from the same definitions for L, i.e. these properties are meant to be valid for the last two

arguments, when the first four arguments are arbitrary but fixed. We define the L*-risk, the
regularized L*-risk, and the RPL method based on L* by

Ri-p(f) = EpL*(X,Y, XY, f(X), f(X)) (3.6)
RiZpAf) = Rep(f)+AfIF (3.7)
frax = arg }éﬂfq RipAf),

!We mention that Rio| (2013)) used the related term “separately 1-Lipschitz” in a different context.



respectively. There exists a strong connection between L and L* in terms of convexity and sep-
arate Lipschitz continuity and also for the corresponding risks, see (Christmann and Zhou| (2016,
Lemma B.8 to Lemma B.11). Of course, shifting the loss function L to L* changes the objective
function, but the minimizers of R}% \(-) and Ry¥p y(-) coincide for those P € M (X x V) for
which R’} (-) has a minimizer in H, i.e., we have

arg }g}fq Rzegp,)\(f) = arg ;glf{ Rze’%/\(f), if fr,pa € H exists. (3.9)
Furthermore, (3.9)) is valid for all empirical distributions D based on a data set consisting of n data
points (x;,¥;), 1 < i < n, because fp ) x exists and is unique since Rz p(0) < oo.

Assumption 3.2. Let L be a separately Lipschitz-continuous, differentiable convex pairwise loss
function for which all partial derivatives up to order 2 with respect to the last two arguments
are continuous and uniformly bounded in the sense that there exist constants cr1 € (0,00) and
CL2 € (0, OO) with

sup |DZ-L(:U,y,:E,gj, ) )’ < CL1, (XS {5?6}7 (310)
z,TeX, y,ycy
sup |D1DJL(x7yai‘aga ) )’ < CL,2, ’Lv.] € {576} (311)
z,TeX, y,ycy

Let the partial derivatives D;L*, i € {5,6}, be uniformly Lipschitz continuous with Lipschitz con-
stants |D;L|;. Additionally, assume that L(x,y,x,y,t,t) =0 for all (z,y,t) € X x Y x R.

We can now state our total stability theorem for kernel based pairwise learning methods.

Theorem 3.3. Let Assumptions and 3.9 be satisfied. Define dy, := |DsL*|1 +|DeL*|1. If
min{)\l, )\2} > k2. dy,, then

”fpl)\hKl - fP2,>\2,K2HOO
< Ci(L) - ||P1 = Palltw + C2(L) - [A1 — A2 + C3(L, A1, A2) - Sug(HKz('J) — Ki(5,2)]l) »
S

where A )
CL,1 1 CL,1
=—>=  (9(L):=— d C3(L, A1, Xo) := : .

a0 G2l i= g s and Gyl he) = e
Corollary 3.4. Let the assumptions of Theorem|[3.3 be satisfied and the constants C1(L), Ca(L),
and C3(L, A1, \2) be defined in the same manner. If there exists a constant s such that 0 < s <

min{\;, Ao} — k2dy, then

Cy(L):

||fP1,>\1,K1 - fP2,>\2,K2||00 (3'12)
< Ci(L) - [[P1 = Palltw + Co(L) - [A\1 — Aa| + C3(L) - Slelg(HKQ(wx) — Ki(- 7)) »
and
(Rrx Py (P, k1) — Rixpo(fPo e k)| (3.13)
< Cy(L) - [Py = Pallty + Cs(L) - [A\1 — Ag| + Cs(L) - Sgg(HKﬂww) — K1(-, @)oo 5
where
_ 4|L|1 (| L 2 2|L |2 2|L
Cs3(L) == 02,17 Cy(L) := L1 (] c|llL+ CL’l), Cs(L) = ’dLh’ and Cg(L, A1, \2) := 2\Lhers ’;CL’l.

Therefore, both terms || fp, a1k, — fPapa,kzlloo and [Rispy (feyan,k1) — Rixpo(fPae kz)| are of
the order

O([[P1 = Paflw) + O\ = Aal) + 0(3220!&(#) — K1(2)0))- (3.14)



In other words, we have relatively simple, but explicit upper bounds of || fp, ;. k1 — fPy, e, K> ||co and
|RL*,P1(fP1’>\17K1) — Rr*p, (fp27)\2’K2)’ and these upper bounds are a weighted sum —with known
and non-stochastic weights— of

(i) the (norm of total variation) distance between the measures P; and Py,
(#i) the distance between the regularization parameters A; and Ay, and

(7ii) the supremum norm of the canonical feature maps K1 (-, ) and Ka(+,x), z € X, of the kernels.

Theorem and Corollary have two advantages: (i) there are no assumptions on the unknown
probability measures P, P2 and on the kernels Kj, Ky; (ii) the upper bounds are with respect to
the supremum norm. A special case occurs for example if both probability measures are empirical
measures belonging to data sets Dy € (X x V)™ and Dy € (X x Y)"2, respectively, where n; and
ny denote the sample sizes. However, an obvious disadvantage of Theorem and Corollary
is that values of min{\;, A2} close to zero are excluded. The next result shows a similar result for
the case that the supremum norm is replaced by the norm in a reproducing kernel Hilbert space.

Theorem 3.5. Let Assumptions be satisfied. Assume that Hy and Hy satisfy (@

(i) If additionally the pairwise loss function L satisfies Assumption then for all A\, Ao > 0,
we have

prl,/\lyKl - fP27/\2,K2 HH1

< CY(L, A1, A2)||P1 — Pl + C5(L, A1, A2)[ A1 — Aa| + C5(L, A1, X2) sup 1 K1(-2) — Ko+, o) || &y
S

4 L
where Cy(L, A1, \2) := m,Cé(L,)\l,)\g) = ﬁ%;g}’ and C5(L, A1, \2) == m
(i) Assume that the pairwise loss function L can be represented by a convex and Lipschitz continu-
ous function p : R — R with Lipschitz constant |p|1, see , i.e. we have L(z,y,%,9,t,t) :=
p((y—t)— (§—1)). Then for all \y, Ay > 0, we have

||~fP1,>\17K1 - fP27/\2,K2HH1 B B
< C1(p, A, A2)IP1 = Paflew + C3(p, A1, A2)[ A1 — Xa| + C3(p, Aty A2) sup K1 (- 2) — Ko )|y s
e

where CN'{(p, A1, A2) = %,Cg(p, A1, A2) 1= #%‘17}%}, and é’é(p, A1, A2) 1= m.

We will give some examples when [|P1 — Pa||, and sup,cx (|| K2(-, ) — Ki(+, z)||oc) are small in the
next Section.

4 Examples

Let us first consider some simple conditions, when the norm of total variation ||P; — Pals, be-
tween two probability measures is small. Let P,P,, n € IN, be probability measures on the
same measurable space (£2,.4), where (£2,dq) is a separable metric space. It is well-known that
|IP, — Plltw — 0, if n — oo, implies that the Prohorov metric dpyo(P,,P) — 0 and the latter is
equivalent to the weak convergence of (P,),en to P, see e.g. Huber| (1981, p.34) or |[Dudley| (2002,
Thm. 11.3.3). Furthermore, if P,, and P have densities f, and f with respect to some o-finite
measure v on (2, A), then f, — f v-a.s. implies |P,, — P|[t, — 0, because by Scheffé’s theorem
sup gea |Pn(A) = P(A)| < [|fn — fldv — 0, see e.g. Billingsley| (1999, p. 29).



Let us now consider the typical situation, when a researcher asks himself what would happen
if at most ¢ data points of the original data set D, = ((a:l,yl),...,(xn,yn)) can be extreme
outliers or may be changed in an arbitrary manner. Let us denote a second data set by Dy =
((jn_l'_l, Unt1)s- -+, (TN, QN)), where N = n 4+ n. We assume that at most £ data points contained
in Dy differ from the data points in D;. Then we can write the corresponding empirical measures
as P = SN, Wid(z, ) and Po = SN Wid(z, 4, Where all weights satisfy w;,@; € [0,1] and
Yo, wi =y .w; = 1. Because D; and D, differ by at most ¢ data points, we obtain ||[P1 —Pal|s, < %.
Of course, a similar argumentation is possible for the case, that at most ¢ arbitrarily chosen data
points can be added to the original data set D;.

Let us now consider the case under which conditions sup,ex ([|[K2(-, 2) — K1 (-, 2)||o0) is small. We
can upper bound sup,cy || K2(-,2) — Ki(+, x)||« explicitly for some special kernels. Here we take
Gaussian RBF kernels, Sobolev kernels, and hierarchical Gaussian kernels as our examples.

It is well-known that a differentiable function g : R — IR is Lipschitz continuous with Lipschitz
constant |g|1 = sup,ep |¢'(2)| if and only if g has a uniformly bounded derivative ¢'. It is easy to
see that the set

Gg:= { g:R — R; g is differentiable and ¢’ is uniformly bounded} (4.1)

equipped with the binary operations + and - is a commutative ring: Define 0 and 1 as the constant
functions with values always equal to 0 and 1, respectively. We have, for all g, g1, 92,93 € G,

(1 +92) + 93 =01+ (92 + 93), g1+92 =92+ 91, 0€G,9g+0=g,
(—9)+9=0, (g1-92)-93=91-(92-93), 1€G,1l-g=g-1=g,
g1-(92+93) =91-92+ 91 - g3, 1#0, g1-92=2g2" 1.

Obviously, g € G implies that, for all v € (0,00), the function %g € G, too. Furthermore, if
91,92 € G, then gaog1 €G.

A special case of such a function in G is ¢ given by

¢:R—=R, ¢(r)=h(r]), (4.2)
where h : [0, 00) — R is supported on [0, ¢] for some constant ¢ € (0, 00] and A’ is uniformly bounded
with A/, (0) = 0.

Many RBF kernels K on X C R? generated by ¢ are of the form , e.g. Gaussian RBF kernels
with ¢ = oo and h(r) = exp(—|r|?), r € [0,00). Another example is a radial basis kernel with
compact support, where ¢ = 1, (1) = ¢gm(|7|), and ¢q, is a certain univariate polynomial pg ,,
of degree [d/2] +3m + 1 for m € IN and the RKHSs of these kernels are special Sobolev spaces,
see [Wu| (1995)), Wendland, (1995)), and Wendland| (2005, Thm.9.13, Thm. 10.35) for details. For
simplicity, we exclude the case ¢4 which yields non-differentiable functions.

Let K(x,2') = ¢(||lz — 2'||) be a kernel on a bounded set X C R?, where ¢ satisfies (4.2)) and h
satisfies (4.2)). It follows from Steinwart and Christmann| (2008, Lemma 4.3) that, for all v € (0, c0),

K,: XxX =R, Ky(z,2") = ¢(||]z — 2'||/7) (4.3)

is a kernel on X, too. Fix a € (0,00). Let 0 < a <y < 72 < 0o. We easily see that the Lipschitz
continuity of ¢ implies

z—a z—a
sup [, (1 2) — Koy o)l = sup [o(12=0) g lz=2ly) (1.4)
TEX z,x' €X ga! V2
1 1
< swp (Ioh-lle—a'| |- - =) (45)
z,x'eX 7 Y2
o
= ) swp - (4.6)
Y1 72 z,x'€X
¢|1 diam (X
< Phdemid®) o, ). (@7



Therefore, we obtain under these conditions that

SUp [ (1) = Koz (5 2) oo = Ollma = 72)- (4.8)

Hence Gaussian RBF kernels K, , K, and the above mentioned compactly supported RBF kernels
satisfy the condition that

Sgg HKM(W'T) - K"/z('vx)Hoo = O(|m —2)-

Steinwart et al.| (2016]) introduced hierarchical Gaussian kernels, which highlights the similarities
to deep architectures in deep learning (see |(Goodfellow et al.|(2017)). The hierarchical Gaussian
kernels are constructed iteratively with composing weighted sums of Gaussian kernels in each layer.
We call kernels K, x y of the following form hierarchical Gaussian kernels

Kyxm = exp (=772 K (2) — K(,2')|I) (4.9)
where K is a kernel generating RKHS H and || K (-, z)— K (-, 2")||% = K(z,2) —2K (z,2')+ K (', 2').

To investigate how hierarchical Gaussian kernels detect the deep architectures in deep learning, we
introduce some notations first. For z = (x1,...,24) € X C RYand I C {1,...,d}, let

Ty = (Sﬂi)iel

be the vector projected onto the coordinates listed in I and X7 = {x; : x € X'}. Assume that we
have non-empty sets I1,...,I, C {1,...,d} and some weights w1, ...,w; > 0, as well kernels K; on
X, foralli=1,...,¢. For [ =1, U---U Iy, we then define a new kernel on &7 by

4
K(z,2") = szKi(x[i,:L"Ii), z, 7' € AJ. (4.10)

(2
i=1
The following definition considers iterations of (4.10)).

Definition 4.1. Let K be a kernel of the form and H be its RKHS. Then the resulting
hierarchical Gaussian kernel K. x; g is said to be of depth

e m =1, if all kernels K,..., Ky in are linear.
em>1,ifall Ky,..., Ky in are hierarchical kernels of depth m — 1.

For any © = (z1,---,2q) € X,2’ = (2, ,2)) € X, the hierarchical kernels of depth 1 with
I; = {i} are of the form
Ky (2,2') = oxp (= 297 Y wi(ai — a)?) (4.11)
el

for some suitable w = (w;);er with w; > 0 for all i € I, and v; > 0. We call these kernels of form
(4.11)) inhomogeneous Gaussian kernels contrasted to the standard Gaussian kernels.

To derive an explicit formula for depth 2 kernels, we fix some Iy,...,I, C {1,...,d}, some first
layer weight vectors wi = (w1 j)jern,---,We = (we;)jer, and second layer weight vector w =
(wy, ..., wp). Writing W) := (wy, ..., wy), the hierarchical Gaussian kernel Kw) w4 Of depth

2 with 1 > 0,72 > 0 that is built upon the kernels Ky, ~,, ..., Kw,, and weights w = (w1, ..., wy)

is given by
l

KW won (z,2") = exp ( - 2'72_2 zwiz(l — K, (213, xh)))
i=1

10



Repeating the similar calculations and denoting wU) = (ng ), e ,Wéj )), we see that hierarchical
kernel of depth m > 3 with v; > 0,--- , v, > 0 is given by

l
KW(l),...,W(m_l),W,’yl,--- o (z,2') = exp (—27;12 Zw?(l—KWu) wim=2) (m-1) (xr;, :13/11))),
i=1 ’

i »Wy YY1y Ym—1

where KW(1>

i

(m—2) _ (m—1) denote hierarchical kernels of depth m — 1.
Wi YW sV Ym—1

The next result shows that the hierarchical Gaussian kernels only vary a little if the parameters
involving in the form slightly change.

Corollary 4.2. Assume X C R? is bounded, i.c., diam(X) < oc.

(i) For depth m =1 hierarchical Gaussian kernels Ky ~, and Ky ~, with different parameters w
and W satisfying Y . ; w? <1 and Yicr w? < 1, we have

SUD [ Koy (5 2) = K (4 )loe = O(llw — W|e2). (4.12)
x

(i) For depth m > 1 assume |[WU)||,, := Zle ngj)ng <1 by scaling v;, j = 1,--- ,m, where
w(™ = w. Then we have

Slelg HKW(l)"“’W(mil)vwv'ylv"'777n<'7x) - Kw(l)v'”7W(m71)7‘x/7717'“v'Ym(‘7 x)HOO
x

m—1
- O(HW — Wl + > WD - vaufz). (4.13)
j=1

5 Discussion

This paper established some results on the total stability of a class of regularized empirical risk
minimization methods based on kernels. We showed that such methods are not only robust with
respect to small variations of the distribution P, but that these methods are even totally stable if
the full triple (P, A\, K) consisting of the — of course completely unknown — underlying probability
measure P, the regularization parameter A\, and the kernel K or its RKHS H changes slightly. Let
us denote by fp; x; i, the regularized empirical risk minimization method for the triple (P, A;, Kj),
j €{1,2}. The main results show that the difference of both methods, i.e.

||fP17>\17K1 - fP27A27K2H°

(where || - ||e denotes either the supremum norm or a Hilbert space norm), depends on the norm of
total variation between the probability measures Py and Ps, on the difference A\ — A5 between the
regularization parameters, and on the difference of the kernels measured by the supremum norm
of their canonical features maps, i.e. on sup,cy (|| K2(-, ) — Ki(-, )| o). We derived upper bounds
for || fo, A ,k1 — fPo,he, Ko |le With explicit constants.

We did not address the following questions which are beyond the scope of this paper. It would be
interesting to have modifications of our results for the supremum norm without assumptions on the
regularization parameters. We obtained such results for the case of Hilbert space norms, see e.g.
Theorem and Theorem We conjecture that other techniques are needed to obtain such
results for the supremum norm. Furthermore, it seems to be an open question whether learning
with hierarchical Gaussian RBF kernels is in general even stable if the depth m and the index sets
are not fixed.

11



Finally, we would like to mention that it is possible to use the well-known identity fpxx =
Ip,1,(k/x)- We computed similar upper bounds than the ones given in this paper for

||fP1,>\1,K1 - sz)\Q,Kznoo = HfPl,l,(Kl/)\l) - fPZ,l,(KQ/Ag)Hoov

but the results were almost identical to the ones presented here, only the factor belonging to |A\; — s
can slightly change.

6 Appendix

6.1 Appendix A: Some Tools

To improve the readability of the paper, let us first collect some properties of Bochner integrals.

Lemma 6.1. Let (2, A) be a measurable space, H be a Hilbert space with norm | - || g, and let
f:(Q,A) — (H,B(H)) be a measurable function.

(i) If p is a finite measure on (2, A), then

| f sl = [ 1t 6

(i1) Let p be a finite signed measure on (2, A) and denote the total variation measure by |p| =

py + p—. Then
| [rau],, < [t 62)

(#ii) Let P,Q be probability measures on (2, A) and let g : (2 x QAR A) — (H,B(H)) be a
measurable function. Then

| [oav~ [gac?|, < 2lglu P~ Q. (63)
where || - || denotes the norm of total variation.

Proof. We refer to Diestel and Uhl| (1977, p.46, Thm. 4 (ii)) for the first assertion.

We use the Hahn-Jordan decomposition of u to prove the second assertion. We write p as u =
t4+ — p— and denote the total variation measure by |u| := py + p—. Then

H/fduHH = H/fd(u+—u)HH= H/fdu+—/fduHH
| [ s, +] [ ran],

J 1 dus+ [ 111 -

J 150+ = [ 15l

IN

@1
<

which yields the second assertion.
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Let us now prove the third assertion.

/gdP2/ng2HH
Pubini /</9dP—/9dQ)dP+/</ng) i -,
Fubini //gde(P—Q)+//ngd(P_Q)HH

= ||/ [sar+ie-a,

=[] [feae+) ar-a

/ / gl d(P + Q) d[P —Q

< 2|glla P - Qllw,

N

[
[\o]

where we used in the last inequality that P and Q are probability measures. ]

Lemma 6.2. If Assumptions and[3.9 are satisfied, then

4
[ fps a5 — fPag K lloo < )\TCLJHKngo IP1 — Pal|tw-

Proof. To shorten the notation in the proof, we define A\ := A\, K := Ki, and H := H;. The
well-known identity || f|loco < || K |loollf]lz for all f € H yields

[feing = franklloo < Kool forax = froa il - (6.4)
Hence it suffices to derive an upper bound for || fp, .k — fr,. k||m#. Recall that
IKC2) oo < 1Ko - 1KC @)l < [IKZ,,  zeX.

For any choice of (P1, A, K), the kernel estimator fp, x x € H exists and is unique. Define the
function g : (X x V)2 = H by

9(z,y,%,9)
= D5L*($7y7'i'7 ga fPl,)\,K(x)a fPl,)\,K(@))K('ax) + DﬁL*(;Uaya'i'a 37, fPl,/\,K(x)a fP1,A,K(£))K('7 'i') 5

where D;L* denotes the partial derivative of L* with respect to the i*-argument, i € {5,6}. Of
course D;L = D;L*. Using (3.10) and sup,cy || K (-, z)||g = || K|lo0, We obtain that

gl < 2epn [ Koo (6.5)

Hence the representer theorem for pairwise loss functions, see Theorem yields

1
lfeoak — fronklla < )\H/gde—/gdPguH

2 4
< SlgllalPyr=Pallew = verallKfolP1 = Palle
which gives the assertion, if we combine this inequality with (6.4]). O
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6.2 Appendix B: Proofs for results in Section

The general representer theorem is a main tool in our proofs. We only need it for the case of
differentiable loss function. Hence, in order that our paper is self-contained, we recall the theorem
for differentiable loss function below, which is a special case of |Christmann et al.| (2009, Thm.7).

Theorem 6.3 (Representer theorem for SVMs). Let Assumptz'ons cmd be valid.
We further assume that the loss L is differentiable with respect to the third argument. Then we
have, for all P,Q € M1(X x Y) and for all A € (0,00) :

(i) The estimator fpx k defined as the minimizer of minfe g {EpL*(X,Y, f(X))+ Al flI%} exists,
is unique, and satisfies

foax = =55 Ep(hp(X,Y)2(X))

where hp denotes the first derivative

hp(X,Y) == L'(X,Y, fex k(X))
(i) Furthermore,

I foai = faaln < X7 [Ee(he (X, Y)2(X)) — Eq(he (X, V)2(X))| -

Proof of Theorem [2.6, To shorten the notations in the proof, we define f\ := fpx and
fu = fpu i The representer theorem for SVMs, see Theorem [6.3] tells us that

o= gy [ Fen n@)eE ey o [y, ) o) dPy)

Plugging the above formula into the RKHS norm of fy — f,, we get that

1A= Fullt = (= ffa— fm
= (g [, v h@)o@) ), £ 1),

<i (., Sr(@)2() dP(,), fr— )

2\ X><y

= 3 L'(z,y, fu(@))(fr(z) = fu(z)) dP(z,y)
B Jxxy

1
2\ XXy

L'y, f(@)(fa(x) = fulz)) dP(2,y). (6.6)

The last equality holds true, because of the reproducing property (2.1)).

Since the loss function L is convex with respect to the third argument, the following inequality is
valid:

L'(z,y,a)(b—a) < L(z,y,b) — L(z,y,a) < L*(z,y,b) — L*(z,y,a), Va,b€ R
Let a = f,(x) and b := f,(z). We therefore obtain
L@y, fu@) () — ful@) < Ly, fr(@)) — L@y, fulz).
Let a = fi(z) and b := f,(z). We therefore obtain

L'y, fa(@)(fu(@) = fa(2)) < L, y, fu(x)) — L* (2, y, fA(2))-
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If we plug these two inequalities into , we get

1 1

193 = fullir < (55— 5,) (BPL*(XY, fu(X) — Bp LA (X, Y, fo(X))).

The right hand side of above inequality is nonnegative, which implies that % — L has the same sign

1]
as EPL*(Xa Y7 f,u(X)) - EPL*(X7 Y7 f/\(X))
If > A >0, then 5 > which in turn leads to EpL*(X,Y, fu(X)) — EpL*(X, Y, (X)) > 0.
The definition of f, tells us that

EpL*(X,Y, fu(X)) + ull fullfr < EpL*(X,Y, fA(X)) + pll fAl7r-

It follows that

EpL*(X,Y, fu(X)) — EpL*(X,Y, fr(X))
w1l = Ll F) = L a = I fulle) QLA + 1 full )

from which we conclude that

<
<

0 < [1fxller = [ fullz < A5 = fulla-

Finally, we get that
1 1

153 = fullr < 5(5 = ) Ul + )

In the same way, we can prove for A > p > 0 that

A

||f>\ - fu”H < 5(

1 1
o 5) (sl + 1l

We will now show the second assertion. Hence we assume the existence of a constant r with
0 < r < min{\, u} and combine ||fy|lg < F|L|1 || Koo and || fullr < i‘LhHKHoo (see |Christmann
et al. (2009, Proposition 3)). We obtain

1 /max{\, u}
- < (==
5=l < 5 (RS = 1) (Ul + )

|L|1 ]| K ||oo fmax{\, u} 1 1

< —-1)(=+ -

- 2 (min{)\,,u} )()\ + u)
[ L[1 ]| K| oo | L[1 ]| K| oo
BBkl - S N [ b B | - S N Y TP
oy A~ < A ] = O(A — ),

which yields the second assertion of the theorem. O

To prove Theorem[2.7] we will use the triangle inequality to obtain the following error decomposition

||fP1,>\17K1_fP2,>\2,K2 HOO < ||fP1,>\1,K1_fP27)\1,K1 HOO'i_”fPQ,M,Kl_fP27>\2,K1 ||00+HfP2,>\2,K1_fP2,>\2,K2 ||oo
(6.7)

The following lemma gives an upper bound for the third norm on the right hand side of .

Lemma 6.4. If Assumptions cmd are valid, then, for all Ay > %|L’|1/€2,

L
L 1Kol ) — Ki( ) e

Hsz)\zJﬁ - fP2v)\27K2HOO < o — ]L’|1/s32 oEX
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Proof. To shorten the notations in the proof, we define A\ := Xy, P := Pa, f1 := fp, , x, and
f2 := fPy.n0,Ky- By the representer theorem for SVMs, see Theorem , we know that || f1 — f2llco
can be bounded as follows:

11 = fallo
_ % /X L@y fo(a))@a(a) dPla,g) - /X S @v A)n@ aPy)||
— % /Xxy(L’(x,y,fg(x))CI)Q(w)—L/(x,%fl(x))q)l(m)) dP(l‘ay)Hw
< o /XW(L'(x,y,f?(x))%(w)—L’(wfﬂff?))%(w)) ey,

tonll [, @ @) - oy @) @) Py
< 00— Al sup 9200+ 10 () o s [(0) — 1)
< Ry fi o+ 0 s ) — 1)

The second inequality comes from the Lipschitz continuity of L’.

If A > LL/|1|| K2 ||%, we can solve || fi — fa|so from above inequality and get that

L
i up |@a() — 1(2) oo

f1— f2lloo <
15~ Felle < 3T TR 52

Obviously, the kernels K1 and Ky can change their roles when we do the decomposition on the
second inequality. Hence we get an analogous inequality for case A > $|L’|1||K1||%,. This gives the
assertion. O

Proof of Theorem [2.77, We first prove the first term of (6.7). The reproducing property (2.1))
yields that

||fP1,>\17K1 - fP27/\1,K1HOO < ||K1||OO||fP1,)\1,K1 - fP2,>\17K1||H1‘
Hence it suffices to bound || fp, x,.5, — fPoi K. || Hy -

The representer theorem for SVMs, see Theorem [6.3] and the properties of Bochner integrals, see
e.g. Denkowski et al.| (2003, Chap. 3.10, p. 364 ff) and Lemma tell us that

||fP1,)\1,K1 - fP2,>\17K1 ||H1

1
< Y‘ / L'(x,y, fpia,k, (%) @1(x) dP1(x,y) —/ Lz, y, fo, a0k () ®1(z) dPg(x,y)‘
11 Jxxy XY Hy
1
< 1L (2, y, fpy a5 (2) @1 (@) |y d|P1 — Paf(z,y)
1 Jxxy
1
< )\7 sup ‘L/(xvy’ fP17A1,K1 (.CU))| * sup ”(I)l('r)Hf‘h d|P1 - P2|(x,y)
1 JXXY (z,y)eX XY reX
< sup L' (z,y, fo, K (@) sup D1(2) || e, - P71 — Palfe
xTE

)\71 (z,y)€X XY

1
< )\THKlHoo\Lthl — Pal|t0-

This yields the assertion.
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An application of the above assertion, Theorem and Lemma [6.4] yields that

||fP17>\1,K1 - fP2,>\2,K2 HOO
K1 lI5 1L
A1

[0 1 L

<
= min{X, A3}

L
Py = Palluw + h = el g "1 sup [ Kal-12) = Ko 0)
cX

2‘L/|1 -

If we split || fp; a; 57 — /Py, 20K [loo into three parts as stated in , there are s1x different decom-
positions. If we take all six cases into account and assume mm{)\l, )\2} > r = $k%L'|, we get the

assertion ([2.4)). O

Proof of Corollary[2.9. The inequality (2.5) follows immediately from the assumption that the
positive constant s is smaller than min{\;, A2} — 7.

Hence we only have to show the validity of (2.6). To shorten the notation in the proof, we define
f1:= froe, K, and fo := fp, \, K, The definitions of R+ p, (f1) and Rr+p, (f2) yield that

Rer+p,(f1) = Rrxp,(f2)
- / (L(z.y. fi(x)) — L(x,y.0)) dP(z,y) - / (L(, 9, fola)) — L(x,4,0)) dPa(z,y).
XxY XxY

Plugging fXx)/ (L(z,y, f2(x)) — L(z,y,0)) dP1(z,y) into the above equation and further noticing
that L is a Lipschitz continuous loss function, we get from Lemma that

|Rp.(f1) — Rixpy(f2)]

g/ |L(z.y, f1(z)) — L(z,y, fa(x))| dP1(z,y)

XxY
4 /X Ly @) = L. 0)| Py = Pol(r,)

s/ Lhlfu(e) — fola)] APy (2, ) + / Lh|fa()] dIPy — Pol(z.y)  (68)
X xY XxY

< |LWlf — Folloe + 1Ll felsol Py — Pae

Since || fal|m, < )\%’L|1||K2||oo (see (Christmann et al| (2009, Proposition 3)) and Ay > $x%|L'|;, we

obtain
< 2Lk

= )\ - ’L,h
The above upper bound is a constant independent of Pq, Pa, A1, Ao, K1, and Ko.

1falloo < *IL\ [KallZ < Ll

Therefore, if we combine this result with Theorem [2.7] we obtain

[Rrepy(f1) = Ri=p,(f2)]
< Ll (ea(L) - IIPy = Pallow + ea(L) - [A1 = Aol + e3(L) - sup || Ka(-,) = K ()l )

zeX
2Ll
P1 — Pal|tw.
g P =Pl
The desired inequality (2.6)) follows by rearranging the factors to compute the constants. O

Now we are in a position to bound the Hi-norm of the difference fp, 1, Kk, — [P, )\, K, for the case
that Hy C H7. We use the triangle inequality to obtain the following decomposition:

”fP1,>\17K1_fP2,)\2,K2 HH1 < ||fP1,>\1,K1_fP27>\1,K1 HH1+HfP2,>\1,K1_fP2,>\2,K1 HH1+HfP2,>\2,K1_fP2,>\2,K2 ||H1

(6.9)
To bound , we first bound the third norm for the case of a differentiable loss.
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Lemma 6.5. Let Assumptions and be satisfied. Assume that Hy and Ha satisfy (@
If L is additionally a differentiable loss function, then, for all Ay > 0, we have

ILh

‘|fP2,)\2,K1 - fP2,>\27K2HH1 = 2 sup HKl( ) KQ('vx)HHl'

Proof. To shorten the notation, we will use the following abbreviations in this proof: A := Ao,
P:.= Pg, f1 = fp27)\27[(1, and f2 ng,)\g,Kg Since H2 - Hl, we have that f2 (S H1 and ||f1 f2HH1
is well-defined. The representer theorem, see Theorem [6 . tells us that, for all P € M;(X x )),

Ifi = foli, = (fi—foo i—Fo)m

1 /
= (fi= o g3 [, ey A@)DE) Py
a3 [, Koy R@)E Pey)
Plugging a zero term into the last term of the above inner product, we know that
1 1
o fo e A ) gy | o)) dP)
= on [, Ky A@nE ey - o [ L b)) )
i [ By )@ @y + o [ Ly ) @) dP(r,y).
XxY Xx)Y

Therefore, the reproducing property (2.1)) yields

11— fallin, —% Xy(L'(x,% fi(x)) = L'(z,y, f2(x)))(fr(z) — fa(x)) dP(z,y)

_21)\</2(xy L'(x,y, fo(x))(®1(x) — ®o(x)) dP(z,y), f1 — f2>H

Since L is convex and differentiable with respect to its third argument, and hence L'(z,y,-) is
non-decreasing, for any choice of (z,y) € X x ), we obtain for the first integral on the right hand
side of the above equation that

1

/m (L' (z,y, fi(z) = L'(x,y, f2(2))) (fi(z) — fo(z)) dP(x,y) > 0.

It follows that

hi= il < —g( [, Een he)®i@) - 0w) dPan). fi-p),
< L~ Rlly sup 1) = Ba(a)y
Thus we have, for all A > 0,
161~ fall, < 5 sup [91(0) — @)

O]

Lemma 6.6. Let Assumptions cmd be satisfied. Assume that Hy and Ha satisfy (@
If L is additionally a differentiable loss function, then, for all A1, Ao > 0, we have

11 i1 = fPade Kol
S Ci(L, A17 )\Q)HPI - PQHtU + C,2(L7 )‘17 AQ)’)\I - )\2‘ + cg(Lu A17 )\2) sup ”K1<7‘r) - K2<'7x)HH17
reX

L L L
where ¢} (L, A1, \2) := 4mm"f{‘)\1\1)\2}77c2(L, A1, A2) == 7min’?/\%|,l)\g}’ and c5(L, A1, \2) == 72“11{)'\11’)\2}
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Proof. Of course, Hy C Hy implies fp, x,.x, € H1 and therefore || fp, x, k7 — fPy e, Kol H, is well-
defined.

The representer theorem for SVMs, see Theorem and the properties of Bochner integrals tell
us that

||fP1,)\1,K1 - fP2,>\17K1 ||H1

"
A1

1 1
< )\THL'(%y7fP1,A1,K1(ﬂ?))‘1>1(96)HH||P1 — Pyl < yl\lKlHoothHPl = Palls.

<

This gives an upper bound to the first norm on the right hand side of equation .
An application of the above assertion, Theorem [2.6] and Lemma [6.5] yields that

‘|fP1,>\1,K1 - sz,)\sz ||H1

Killoo|L|1
I8l By oy,

A1

S floo | L1

= min A7, A3}

L)y
M= Dol 3 sup K () — Kol a) s

When we apply the triangle inequality to the error decomposition , there are six different
decompositions. If we take all six cases into account, we get our desired result. O

Proof of Theorem [2.10, (i) Lemma [6.6] gives the first assertion.

(ii) We only need to prove the assertion holds true for the case of a non-differentiable loss, where the
loss function L(z,,t) can be represented by a margin-based loss function L(yt) for classification or
by a distance-based loss function L(y—t) for regression with Lipschitz constant |L|;. Let d; € (0,1).
We use the standard technique of convolution, see e. g. |Cheney and Light| (2000, p.148), to define
a convex and differentiable function I:g on R? by

) L ¢
£x6) :/O £4(¢ — 060)do = ;/H 4 (u)du

to approximate the shifted loss function L*.

It is easy to check that I:g is convex, differentiable, and Lipschitz continuous with the same Lipschitz
constant |L|;. The approximation is valid, because, for every £ € R,

= L
IL5(&) — L*(& |_‘/ (L*(& — 66) — L*(¢ d@) /|L|159de<’2‘1

Hence ) B
|L5 — L]0 = O(d), as § — 0. (6.10)

An SVM associated with f/g can be defined as

o) = arsmin (Ep L(X, Y, 7(X)) + A7 ).

We now show the weak convergence in H of fp ) i (5,) to fp. i := arg mll’leH{EpL (X,Y, f(X))+
M f11%}, for (8;)jen with d; — 0 and d; € (0,1), 5 6 ]N

Christmann et al.| (2009, Proposition 3) showed

1o x )l < ATHLR K oo (6.11)
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Any closed ball B = {f € H,||fllg < R} of the Hilbert space H with a finite radius R > 0 is
weakly compact. Hence there exists a decreasing sequence (;) e, where all d; € (0,1), such that
limj o0 05 = 0 and fp ) i (5;) Weakly converges to some function gp  x € H. That is

(fe x5, Fln = (gp i, flu, Vf € H. (6.12)

lim
Jj—oo
Let us consider two special cases of (6.12)).
If f=gpxk in (6.12), then we obtain by the Cauchy-Schwartz inequality that

HQPJ\,KH%{ - hIIl <fP,)\,K,(6r),gP,)\,K>H < HQP,)\,KHH liI'Il inf ”fP,A,K,(&)HH-
J J
j—o0 j—o0

Therefore, we get by (6.11]) that

o nsclar < i inf 1o x5l < A~ B e (613)
Now we consider the special case of f = K(-,z) in (6.12). The reproducing property (2.1]) yields
gpa i (T) = (gp a s K(2)) g = 1im (fp i, 5,), K (@) = lim fp x i (5,)(2)- (6.14)
j—o0 J—00

The Lebesgue Dominated Theorem gives

Ep[L*(X, Y, gp o x (X)] = lim Ep[L*(X,Y, fo x k. (5, (X))].

j—00
The uniform estimate (6.10) in connection with (6.14)) yields

lim Ep[L} (X, Y, fo ks, (X)) = lim L3 (z,y, fe ok, (5;)(®)) dP(z,y)

j—o0 =0 Jxxy

= hm L*(‘/an) fP,)\,K,(5j)(x)) dP(LE7y)
J—00 XY

_ / E* (e, y, gpor (@) dP ()
XxY

= Ep[L7(X,Y, gpax(X))]- (6.15)

Combining (6.13)) and (6.15]), we obtain

Ep[L*(X. Y. g0 (X)) + gy < liminf (EplZ5, (X, Y. fo (6 ()] + Al o )

(6.16)
By the definition of fp ) x (s,), we know
lim inf (Ep[L5, (X. Y. foa 06 GO + Al e ) (6.17)
< timinf (Bp[L3 (X, Y, fo (X)) + Alfe )
J]—00
< Ep[L*(X,Y, feax(X)]+ Al ferxl? (6.18)

Hence (6.16)) and (6.17)) lead to

Ep[L*(X,Y, gp 2 i (X))] + Algp a x|z < Ep[L*(X, Y, foo 5 (X))] + Al ferx |-

The strict convexity of the regularized functional f — Ep[L*(X,Y, f(X))] + A||f||3 on H guar-
antees the uniqueness of the minimizer, which implies the identity gp x» x = fp.\ x and the weak
convergence

jlgglo<fP,)\,K,(6j)vf>H = (fepar, flu, Vf € H. (6.19)
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In the rest of the proof, we focus on estimating || fp, x,.x; — fPsra, K| - The triangle inequality
yields

||fP1,>\1,K1 - fP2,>\2,K2||H1
< feenns = feoan k@)l + 1o a,k1,65) = TPaa,ka, (65l + 1 fPona Ko (85) — fPada i |l Hy -

Now apply (6.19) to P =P, A = A, K = K; and H = H;. Then we get

. 2
lm (fp, ay k0, 85)0 fPoan k) B = 1 fey g i
]_>OO

and

: 2 2
]lirgo HfP1,)\1,K1,(6j)HH1 = HfPI»)\hKl ”Hp

which implies that

. 2
jlggo prh)\l,Kl - fP1,>\1,K17(5j)||H1

2 . 2 .
I £y a0 o, +j11)1110 1 foi k6l — 2j£Igo<fP1,/\1,K1,(6j)afPl,A17K1>H1 = 0.

In the same way, we can prove

Jll)rgo ||fP27)\2,K27(5j) = frono Kol = 0.

We know that i)gj is a convex, differentiable and Lipschitz continuous loss function with constant
\Eh. Hence Lemma tells us that, for all A1, Ao > 0,

”fPl,/\l,Kl,((;j) - fPQ,)\Q,KQ,((Sj)HHI
< (L, A, A2) 1Py = Pallee + (L, A, X2)[Adr = Xa| + (L, A1, A2) sup K1 2) — Kao(+2) || my s
xTEe

o7 L 7 L 7 L
where Cll(L,)\17A2) = m76é(l’/,>\17)\2) = #%71/\%}, and Cg(L, )\1,)\2) = m

Therefore, this yields the assertion. O

6.3 Appendix C: Proofs for results in Section
The proof of Theorem is based on the following error decomposition:

HfPh)\l,Kl - sz,)\z,Kzuoo
< ”fPL)\hKI - fP2,)\1,K1HOO + ||fP27>\17K1 - fP27)\27K1H00 + ‘|fP2,)\2,K1 - sz,/\2,K2”OO . (6'20)

The following lemmas give upper bounds for the three norms on the right hand side of (6.20). The
proof of Theorem [3.3] will then follow by combining these upper bounds.

A major tool to prove these lemmas is the following representer theorem, see [Christmann and
Zhou (2016, Thm. 4.3). Note that we specialized their result to the case of a convex pairwise loss
function, because we need in particular the inequality . There are of course pairwise learning
algorithms involving non-convex loss functions, see Hu et al.| (2015)) and [Fan et al|(2016). Please
note that the expectations in the next theorem are Bochner integrals. We refer to |Denkowski et al.
(2003, Chapter 3.10) for details on Bochner integrals.

Theorem 6.7 (Representer theorem for pairwise learning). Let Assumptions and
be valid. Then we have, for all P,Q € M1(X x Y) and all X € (0,00):
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(i) The estimator fr«p defined as the minimizer of mingey (Ri«p(f) + A|f||3) exists, is
unique, and satisfies

fiep = =55 Bpa [ (X, Y, X, V)®(X) + hop(X, ¥, X, )(X)], (6.21)

where hs p and he p denote the partial derivatives
hsp(X,Y, X,Y) := DsL(X,Y, XY, frep A(X), frep (X)) (6.22)
hep(X,Y,X,Y) := DeL(X,Y, X, Y, fr+ p A(X), frpA(X)). (6.23)

(i) Furthermore,
[ frpx = freqalla (6.24)
< %HEPQ hs.p(X,Y, X, V)®(X) + hep(X,Y, X, V)0(X)]
— Eqz [hsp(X, Y, X, V)B(X) + hep(X,Y, X, V)B(X)] H
Lemma 6.8. If Assumptions (2.3, and [3-9 are satisfied, then
15K [|oo (maX{)\h)@}

o .

| Feansiier = feana s lloe < 1) (s it + 1 fes o s l,)- - (6.25)

2 min{)\l, )\2} B
If there exists a constant r € (0,00) such that min{\1, A2} > r, then
L1 || Ky |2
pucs — Frapaialbo < PR = 00 ). (6:20

Proof. The assertion of the lemma is obviously valid, if A\ = As.

From now on, we will assume w.l.o.g. that Ay > As. To shorten the notation in this proof, we
define P := Py, A:= A1, u:= X9, K := K1, and H := H;. Furthermore, we write
= fP27)\1,K1 and f# = fP27)\2,K1'
Hence, we have to show that
[ K]l (A
153 = fulloe < 552 (5 = 1) (1Al + 17l

To shorten the notation we write the partial derivatives of L* with respect to the i*" argument by

DiL* o f(z,y,%,7) := DiL*(x,y, 2,7, f(x), f(T)), i€ {56}

We use again the representer theorem for pairwise loss functions, see Theorem [6.7]

f)\ - f/L [-D5L* © f/\(%y,iﬂ@q)(x) + DGL* o f)\(xvyvjag)q)(i‘)} dP2($,y7j7g)

“n
1 o N o B o
+5e / [DsL* o fu(,y, 5, §)®(z) + DsL* o fu(w,y, &, §)®(F)] dP(x,y, 7, 7) -

Hence

1Fx = full#

= <f>\ - f,ua r— fu)H
= QL </[D5L* o fu(2,y,%,9)®(x) + D¢L* o fu(z,y,%,9)2(%)] dP*(z,y, %,9), fr — f“>
K H
1

2\

= ;M /[D5L* o fulz,y, 2, 9)(fr(z) — fu(@)) + DeL* o fulz,y, &, 9)(fA(E) — fu(2))] dP*(z, y, %, )

1

_ﬁ [D5L* © f)\(x7y>i‘7g)(f)\($) - f,u(x)) + D6L* 0 f)\(l’,y,.f,g)(f)\(-i) - fu(i‘))] dPQ(x’z%jag) )

</[D5L* © fA(x,y,:E,g)q)(x) + DﬁL* o f)\(l',y,i,g)q)(j)] dPZ(.’L’,y,i‘,ﬂ), f)\ - f,u>H
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where we used the reproducing property of the kernel, i.e.,

(®(x), flm = [f(x), wed feH,

to obtain the last inequality. Let us now consider these integrands. The pairwise loss function L* is
convex with respect to the last two arguments due to Assumption Hence the convexity yields,
for all ,Z € X and for all y,5 € Y,

L*($,y7577§7t~17£2) _L*(x7y7§;7g7t17t2)
> D5L*($7y7jagat17t2) : (t~1 - tl) + DGL*(xayv‘%agatth) . (t~2 - t2)

Therefore,

DsL* o fu(z,y, %,9) - (fa(z) = fu(@)) + DeL” o fu(x,y, 2, 7) - (fA(Z) = fu(T))
L(z,y, 2,9, fa(x), I(@)) = L(, y, T, 9, fu(x), fu(Z))

IN

and

DsL* o fa(@,y,,7) - (fu(z) = fa(2)) + DeL™ o fa(x,,2,7) - (fu(F) — fA(2))
< L*(a:,y,:i,g],fu(x),fﬂ(ﬂ?)) (xvyvxagaf)\(x)vf)\('%))'

If we combine these inequalities and plug them into the above equation, we obtain

0

IN

”f/\ — full# (6.27)
L / (5,505, (@), Fr(8) — L@, 5 ful), fu(8)) APz, 7. §)

IN

% e (@) AP, 5, 7,7)

3R n () = 5o Riep(f) + 55 Reep(f) = 55 Riep(f3)

A
- (22 - g Renel) + (55 = 50 ) Res ()
= (55— ) (Rew () = Ruel£). (6.28)

where we used the standard notation for the L*-risk with respect to a pairwise loss function L*,
ie.

Riep(f) = / L*(2,9.%.5. f(2), f(8)) dP*(z, 9. %.5),  f € H.

1

Because we assumed without loss of generality, that 0 < u < A, i.e. 55 — i < 0, we obtain from

(6-27)-(6-29), that

Rrp(fu) < Rrsp(fr) (6.29)
Because f) and f, are elements of H, the definition of fy yields that

R p(f2) + MANE < Roxp(fu) + Al fullF -

Hence we obtain from (6.29)) and after rearranging the terms in the above inequality that

0 < R p(f) = Reep(fu) < MIFullzs = IAE) = X fullz + Ufllz) - (1 fialler = Ifallz)- (6.30)

Therefore, || ful|lz — || follz > 0 and the triangle inequality yields

0 <[ fullr = WAl = [Ifullzr = 1Al e | < W fu = Fallar (6.31)
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If fx = f., the assertion of the lemma is obviously true. Hence, we may assume that fy # f,. In
this case we may divide by the positive term || fx — fu|/z. If we combine (6.27)-(6.28) with (6.30)

and (/6.31]), we obtain

I =t < (55 = g) Rl = Race) =
_ (21M %) (Rpep(f) = Reep(fa) mq
P (21M —55) A (Al + 1Full)
= S (1) U+ 5l

This gives the first assertion for the case A := A\ > A2 =: p, because ||f||g < || K||collf|lz for all
f € H. Of course we can change the roles of Ay and As.

We will now show the second assertion. Hence we assume the existence of a positive constant r
with 0 < 7 < min{A\1, A2}. Using the inequalities (B.12) in (B.13) from |Christmann and Zhou
(2016, Lemma B.9), we obtain

(CZ.(B
o ) Ly

|L\1 (©Z.(B.13) 1
||fP2,>\1,K1||%{1 > M\ IEP/‘VL}PPQ7 1K1( )|

feea ke < IL! 113

and therefore

pr2g)\1»K1HH1 ‘L| ”K1||OO

~ A
Of course we obtain with the same argumentation that || fp, x|y < 5; L|L]1||K1||oo. For brevity,
let us define Apip := min{A;, Ao} and Apee := max{A;, Ae}. If we combine (6.25) with these

inequalities, we obtain

||fP27>\17K1 - fP2,>\27K1 ”00

629 ||k, A
< = (5 1) - (Measllin + e paur )
mn
1 K1]loo Amaz — Amin < 11 ) |L|1 || K12 A2+ A
A — 4+ — )| Lh||K = ——2 (A — Amin ) —————

- 2 Amin A1 * A2 LRI loe 2 (Amaz = Amin) AminA1A2
LI 1K 1% 2Amaz |L[x HKlll2
— = (A - < A1

> 9 ( max mzn) Agmn)\max = r2 ‘ } )

which yields the second assertion of the lemma. O

Lemma 6.9. Let Assumptions and [3.9 be satisfied. Define k = max{||K1| oo, [| K200}
and dy, := |DsL*|y + |DgL*|1. Then, for all Ay > k?dy,

CL,1
— < —— sup (|| Ka2(-, ) — K1(+, z .
HfP2,)\2,K1 sz,>x27K2||OO = Xy — KQdL xeg(H 2( ) 1( )”OO)
Proof. To shorten the notation, we will use the following abbrevations in this proof: P := Ps,

A= Ao, f1:= fpy Ky, and fo i= fp, x, Kk,. We denote the canonical feature maps of the kernels
K, and Ky by ®1(z) := Ki(-,z) and Po(x) := Ka(-,x), x € X, respectively. Furthermore we write
the partial derivatives of L* with respect to the i*" argument at the point (z, v, Z, ¢, f(x), f(Z)) by

DiL*o f(z,y,2,9) == DiL*(z,y,%,7, f(z), f(Z)), 1€{56},f¢€H.
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By the representer theorem for pairwise loss functions, see Theorem we have
2X |f1 = fallo
_ H /[D5L* o filx,y, & §)®1(z) + DeL* o fi(z,y, &, §)®1(%)] dP(x, y, &, 7))
— [ D51 0 fa(oy. 5. D)ala) + DL o fala,,5,5)2(®)] dP(,,3,5) | _
< [[[(psz o fatev. . 9)Bata) + DL o ol .5, 5)22)
— DsL* o fi(x,y, 7, §)®1(x) — DsL* o fi(x,y, 7, g)@l(z)) HOO dP(z,y, 7, §)
_ /H <D5L* o fo(z,y, 7, §)®a(z) — DsL* o fl(x,y,i“?gj)q)g(a:))
+ (D5L* o fi(z,y, &, §)®a(x) — DsL* o fi(x,y, 7, g)@l(x)>
+ (DGL* o fala,y, 7, §)®2(F) — DgL* o fi(x,y, 7, g)%(@))
+ (DsL” 0 fi(w,9, 7)) = DeL* o fi(aw,4,5,5)81(3) )| dP(z,9,.9).
It follows that

22 [1f1  fall
S5z o fte.2.9) - s o i(e.9.5.9) - afa)

+ (D6L* 0 fola, ,,5) — DoL” o fi(w,9,3,7)) - @2(3)||_ aP*(w,,,5)
+ [Pt piw5.9) - (@a(0) - #1(a)

+ DeL* o fy(w,y, &, §) - (Po(F) — D1 (i) HOO dP2(z,y, #,7)

IN

< sup }D5L*Of2(33,y,:i,ﬂ)—D5L*of1(x,y,:i,g)} Sup(H(I)Q(m)Hoo)

x7f€X7y’g€y zeX

+ sup  |DgL*o fo(x,y,&,9) — DsL* o fi(z,y,%,7)| - sup (|| ®2()]|~c)
T,ZEX,y,gey rex

+ sup  |DsL*o fi(a,y,%,9)| - sup ([|®2(z) — P1(z) )
93»356/\’,1/779637 TeEX

+  sup  [DL*o fi(z,y,&,9)| - sup ([|®2(F) — @1(2)]c0) -
z,TeX,y,yeY TeX

Now we can use the assumption that the partial derivatives of L* with respect to the fifth and
to the sixth argument are Lipschitz continuous with constants |D5L*|; and |DgL*|1, respectively.
Recall that || ®(z)||o < || K%, for all z € X. If we combine this with the uniform boundedness of
the partial derivatives of L*, see Assumption (3.2, we obtain

20 f1 = falloo
D527 - (sup | fa(e) — Fi@)] + sup @) — ()] - 1Kol
reX TeX

IN

+D6L* |1 - (sup | fo(w) = fu(@)] + sup |£2(@) = A1(@)]) - 1Ko %
zeX zeX
tera - sup([[@2(x) = @1(@)llxc) + cr.1 - sup(|€2(E) — €1(2)]x)
zeX TeX

< 2|Ka|2 - (IDsL¥ |y + | D L) - |l f2 = filloo + 2¢L SUE(H%(SC) — @1 (2)]00) -
e

Note that the term || fo — fi||co is contained on both sides of the above inequality. Therefore, if the
term 1 — 1| K|, - (|DsL*|1 + |DgL*|1) is positive, which is equivalent to A > || Ka||%, - (|DsL*|1 +
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\DgL*h), we obtain after division by the factor 2\ and by rearranging terms that
s 8uex ([|P2(2) — @1(2)]|oo)
1= $IEa % - (IDsL*[1 + [Ds L)1)

CL.1
- 7 ~sup (|| P2(x) — P1(x ,
Nl (D h - Do) SR 122(@) = 21(@)llec)

lfi = follo <

which yields the assertion, if A := Xy > [|Ka||Z - (|DsL*|y + [D¢L*|1). Obviously, the kernels
K7 and Ky can change their roles and we obtain an analogous inequality for the case A := Ay >
|K1]|% - (JDsL*|y + |DeL*|1). This gives the assertion. O

Proof of Theorem [3.3, An application of the triangle inequality allows us to use the following
error decomposition

HfPh/\l,Kl - fP27)\2,K2HOO
< HfPh)\l,Kl - sz)\l,Kluoo + HfP2y>\17K1 - szJ\Q,Kl HOO + Hsz,)\zJﬁ - fP2,>\2,K2HOO .

An application of Lemma, Lemma and Lemma [6.9] yields the assertion. O

Proof of Corollary[3.4] The inequality (3.12) for the difference of the estimated functions fol-
lows immediately from the assumption that the positive constant s is smaller than min{ Ay, Ao} —r.

Hence we only have to show the validity of (3.13). The proof is very similar to the proof of
Corollary To shorten the notation in the proof, we define fi := fp, x, k, and fao := fp, x, K»-
The definitions of R+ p, (f1) and Rp+p,(f2) yield that

Rir=p,(f1) — R+ p,(f2)
= [ w55 A AG) L8, 5,0.0) dP . 5,5)
(XxY)?

_/ L(x7y7'i'7g7f2( ) f2( )) (CC yaw yao O)dP (Q?,y,i’,g).
(XxY)?

We plug in the term + f(XXy)Q f;(xy L(l’, Y, 'ia gv f2( ) f2( )) (:U Y, z y7 0 O) dPQ(x Y, T y) into
the above equation and use the triangle inequality. Because L is a separately Lipschitz continuous
loss function due to Assumption we get that

[Rrepy(f1) = Respy(f2)]
< / L5, 5,5, f1(@), £i(F)) — L(2, 9, 5,5 fo(), f2()) | dP2(z, v, 7, 7)
(XxY)?

+/ ‘L(‘r?ya‘%vgafé( ) f?( )) (‘T y,CC y70 O |d(‘P1 P2|2)($,y,£,ﬂ)
(XxY)?

IN

/ 2|Ll1|f1(z) — fo(2)| dPi(z,y, 2, 7) +/ 2| Ll1|fo(2)| d([Py — Pof*)(w,y, ,7)
(XxY)? (XxY)?
< 2IL1 [ = falloo + 2[LI1 [[f2lloc [Py = Pallio,

where we used in the last step an almost identical argumentation than in the proof of Lemma (zzz)
to get an upper bound for the second integral with respect to the product measure |P; — Pol?.

Now we use |Christmann and Zhou (2016, Lemma B.9, (B.12)) and obtain
[follo < [ K2llooll f2ll o2

| Kallooy/(2/2) [ L11 ey [ £2(X)]

1Kalloo v/ (2/A2)[L]1 ]| fol oo < o0

A

IN

IN
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Hence
2 2
Ifeloo < 5 LI 1Ko
2

If we combine this inequality with the assumption min{A1, A2} > &2-(|D5L*|1 +|DgL*|1), we obtain

2|L| _ 2|L[x
|DsL*|1 4 |DgL*|; dr

[f2lloo < | L]y max{ || K130, | K2]1%} <

2
min{ A1, A2}

This upper bound is a constant independent of Py, Po, A1, Ao, K1, and K. If we now combine our
inequalities with (3.12)), we obtain

[Ri by (f1) = Riv e, (f2)]

< 2L 1fy = falloo + 2[LI ([ f2lloo [Py — Palfto,
< AL (CLE) - [Py = Pall + Co(L) - M1 = dol 4+ C(L) - sup (| Kl ) = Ka () oo
fAS
2|L
+2|L}y |d b [P1 = Palft -
L
The desired inequality (3.13)) follows by rearranging the factors to compute the constants. O

Now we are in a position to bound the Hi-norm of the difference fp, x, K, — [Py, )0, K, if We assume
Hy C Hi. We use the triangle inequality to obtain the following decomposition:

HfP1,/\17K1_fP2,>\2,K2HH1 < ”fpl,)\lyKl_fPQ:)\l,Kl HH1+”fP2)\1,K1_sz,)\2,K1 HH1+HfP2,/\2,K1_fPQ,AQ,KzHH1'
(6.32)
To bound ([6.32)), we first bound the third norm for the case of a differentiable loss.

Lemma 6.10. Let Assumptions and [3.9 be satisfied. Assume that Hy and Hsy satisfy
(@, then for all Ao > 0, we have

Cr.1
| £y e ;s = fPoa ko |y < . sup K1 () — Ko+, )| 1y -
2 zeX

Proof. To shorten the notation, we will use the following abbrevations in this proof: A := Mg,
P :=Pa, f1:= fry .k, and fo 1= fp, x,,K,- We write the partial derivatives of L* with respect to
the " argument by

DiL* o f(x,y,2,§) := DiL*(x,y,,7, f(x), f(Z)), i€ {56}

Since Hy C Hy, then fo € Hy. It means that || fi — fa| g, is well-defined. The representer theorem,
see Theorem tells us that, for all P € My (X x ),

If1— foll,
= (fi—fo, fi— fo)m

- <f1_f27 —21/\/[D5L*Of1($ay73~%ﬂ)¢’1($)+D6L*Of1($,y,£’a?j)‘1’1(i')] dP2($7y7'%7g)

1 o o - L
+ ﬁ [DSL* © fQ(CU,y,-T,y)(PQ(-T) +D6L* © f2($ayax7y)®2(x)] dP2(ﬂf,y,:L“,y)>H (633)
1
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Plugging a zero term into the last term of the above inner product, we know that

f% [DsL* o fi(z,y,7,§)®1(z) + DgL* o fi(x,y,&,5)®1(2)] dP?*(z,y, 7, §)
ToN [DsL* o fow,y, &, §)®a(x) + DeL* o fo(w,y, &, §)Pa(%)] dP*(2,y, T, )
= —% [DsL* o fi(z,y,%,§)®1(x) + D¢L* o fi(z,y, %, §)®1(%)] dP*(z,y, %, )
+% [DsL* o fo(z,y,Z,§)®1(2) + DgL* o fo(z,y, %, §)®1(2)] dP?(z,y, &, )
—% [DsL* o fax,y, 2, §)®1(z) + DL* o fo(x,y,%,5)®1(2)] dP?(z,y, Z, §)
+% [DsL* o fo(z,y, %, §)®a(x) + DgL* 0 folz,y, %, §)®2(2)] dP?(z,y, 7, §).

Applying the reproducing property (2.1]), we obtain from ([6.33)) and the above equation that

If1 = follf,
= —% |:(D5L* o fl(x,y,i,ﬂ) - D5L* o fg(%',y,i',g))(fl(aj') — fg(l')) (634)

+ (D(,*L* o fi(x,y,%,9) — DeL* o fo(x,y, T, 7)(f1(Z) — f2(53)))} dP*(z,y, ,7)
_2)\</[D5L*of2(x,y,§7,gj)(q>1(x) — By(x))

+D6L* © fQ(‘T,y,-%,g)((I)l(i') - (I)Q('%)) dP2(l‘,y,f,:I]), fl - f2>H .

1
The convexity of the pairwise loss function L* with respect to the last two arguments implies that

for all z,z € X and for all y,5 € ),

L*(m7y>i'7gafla£2) _L*(xvyaj7g7tlat2)
D5L*(m,y,i,3], tl,tZ) : (tl - tl) + DGL*(mayajaga tl,tZ) : (t2 - t2)'

v

and

L*(x7y¢iagatlat2) - L*(x,y,fc,g],t],ﬁ)
> D5L*(l',y,.i',g,£1,£2) ’ (tl - El) + D6L*($7y7'i‘7gafl7f2) ' (t2 - E2)

Adding both sides of above two inequalities, we get that

[D5L*($ay75€aﬂ,t1,t2) - D5L*($ay7{i‘7gat~17£2)] ’ <£1 - tl)
+[D6L*(xayai'7gatlat2) - DGL*(%Z/,@,@JH,&)] ) (52 - t2) <0.

Taking t; = fi(z),t1 = fo(x),t2 = f1(%), and to = fo(Z), then we know that the integrand in

(6.34) < 0. It follows from ({3.10) that

f%< / [DsL* 0 fo(,, 7,5) (@1 (2) — @s(x))

+ D6L* © f2(x7y)j7g)((bl(‘%) - (D2(j)) dP2(CE,y,Ii,g), fl - f2>

Ifi— folll, <

H,
1
< oy 2crac A = fell, - sup ([ @1(2) — Ra(2)| B, -
2 TEX
The desired result comes immediately from above inequality. O
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Lemma 6.11. Let Assumptions and [3.9 be satisfied. Assume that Hy and Hsy satisfy
(@, then for all A1, Ao > 0, we have

||fP17>\17K1 - fP27A27K2HH1
< CH(L, A, M) [Py — Polw + Co(L, A, A2)| A — Ao| + C5(L, A1, X2) sup I K1(-z) — Ko+, 2) |y
e

where Cy(L, A1, \2) := 7miﬁ§§§;;2},O§(L, AL Ag) = 7“:{'5%35}, and C4(L, A1, \o) := aniw.

Proof. An application of the triangle inequality (6.32), Lemma Lemma and Lemma
yields the assertion by using || flco < [|K1lloo - | f |2, V.f € Hy. O

Proof of Theorem[3.5, (i) Lemma shows the first assertion.

(ii) We just need to prove the assertion holds true for the case of a non-differentiable loss, where
the pairwise loss function L can be represented by a convex and Lipschitz continuous function

p:R — R, see 1j i.e. we have L(z,y,Z,7,t,t) := p((y —t)—(g— N))

Step 1: We contruct a differentiable approximator ps for the non-differentiable p by smoothing p by
convolution with the uniform distribution on the interval [—d, 0], where § € (0, 1], see e.g. |Cheney
and Light] (2000, p.148).

Let p be convex, but non-differentiable. Let 0 < § < 1. Then we can approximate it by the function

1 13
ps:R— R, m@zﬁp@—mwzzéﬁmww

It is easy to check that ps is convex, differentiable and Lipschitz continuous with constant |p|;. The
derivative of ps equals

P56 = 2(p(€) ~ ple ~ ), EER, (6.3
which can be bounded by

“lpli-6 <lpl1. (6.36)

Sl

1
Ihlloe < sup |5 (6(&) = (€ = )| <
£eR
The approximation is valid, because for every £ € R,

[ ! el
(9) = (&)l = | [ ote =) = pieyas| < [ |phowas < ks
Hence
o5 — pllsc = O(9), 55 5 = 0. (6.3)

In order to avoid any moment conditions on the probability measure, we define a shifted version of
ps by
s ((y— f(@) = (5= f(2)) = ps((y — f(2)) — (7 — f(&))) — ps(y — ),

which is convex, differentiable and Lipschitz continuous with constant |p[; as well. Obviously, pj}
and p;s has the same derivative, then it comes immediately from ((6.36)that

1(03) lso = llP5lloc < lp1- (6.38)

Hence we will approximate the convex, but non-differentiable shifted pairwise loss function p* by
the convex, differentiable shifted pairwise loss function pj.
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Let us define the pj-risk, the regularized pj-risk and the regularizing function fp ) g (s5) for any
0 <4 <1 as below:

Rz p(f) = Ep2ps ((Y — f(X)) — Y — f(X))),
Rozpa(f) = Rpz p(f) + Al 7,
Ik (5) = arg ]}gﬁl Rpzpa, ()

Step 2: We now show the weak convergence in H of fp ) (s, to fpa i = arginfren Rps pa(f),
for ((5]')]‘6]1\1 with (5j — 0 and (Sj S (0, 1).

Christmann and Zhou| (2016, Lemma B.9, (B.12) and (B.13)) tells us that for any 0 < 4§ <1

Iear@la < \/(/NIphErLlfex 0 (X))
VAV
< JARPBIKZ = Ao K . (6.39)

Any closed ball By = {f € H : ||f||g < R} of the Hilbert space H with a finite radius R > 0 is
weakly compact. Hence the estimate (6.39) tells us that there exists a decreasing sequence (d;)jen,
with 6; € (0,1) such that lim; o d; = 0 and fp ) f,(s,) weakly converges to some gp \ i € H. That
is

lim (fp x k,(5,): f) i = (gp.xn: flu, V f€H. (6.40)
j—o0
Let f = gp x in (6.40). Then we obtain by the Cauchy-Schwartz inequality that
lgp i llE = (gp.kx0 9P, kA H = L (fp i 5,05 9P k) < lgp ok || iminf || fp 5 e 5, [l 2
j—oo Jj—o0
Therefore, together with (6.39)), we get that
lgp ke < 11;2? I fp il < APl 1K | oo- (6.41)
Let z € X and f = K(-,x) in (6.40)). The reproducing property (2.1]) yields
gp k() = (gpax, K(, @) = lim (fp \ k5, K (7)) m = lim fp x k (5;)(2)- (6.42)
j—oo Jj—oo
The Lipschitz continuity of p* together with (6.42)) tells us that
}g{)lo P ((y = feak,6,)(®) = (0 = foar,0)(®) = 0" ((y = gpa k(%)) — (§ = gp Ak (7))
The Lebesgue Dominated Theorem gives
R p(gpx ) = Im Ry p(fpak,s;))- (6.43)
j‘)OO

The uniform estimate ((6.37) in connection with (6.42)) yields

lim Rpgj PPk G)) = jliff)lo/PEj ((y = fork,6,)(®) = (T = foa k.5, (&) dP*(z,y, %, 7)

J—00

= lim [ p"((y = fork,6,)(®) = (T = foak,6,)(E)) dP*(z,y, %, 7)

j—o0
= /P*((y —gp k() — (§ — gp A k(7)) dP*(z,y, &, 7)
= Rpp(gpak)- (6.44)
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Therefore, combining (6.41]) with ( -, we have

Ry p(gpai) + Mgk li < hmmf {Ry P(fP ME65) T A ek ) i}
By the definition of fp ) k (s,), we obtain

11]11_1>1nf {Rp* PUeak,6) + MK @) lHT < h}gg}f {Rpgj P(feak) + Aok}
= Rpp(fork) + Al feklli

which implies that

R p(gp k) + Algp ik |E < Rosp(foni) + Al ok llZ

The strict convexity of the regularized risk functional R« p \(-) on H guarantees the uniqueness
of the minimizer, which leads to gp x k = fp. Kk and

lim (fpx x5, flu = (fex [, VY feH. (6.45)

J—00

Step 3. In the rest of the proof, we focus on estimating || fp, x;, k1 — fPo ho, Ko || H -

||fP1,>\1,K1 - fP2,>\2,K2 ||H1

< feonns = feoon k@)l + 1o a k1,65) = TPaa,ka,(6)lH + 1 fPona, Ko (85) — fPada Ko |l 1y -

The weak convergence ((6.45) tells us that

]lgn <fP1,>\1,K1, fP1,>\17K1> Hy = ”fP17/\1,K1H%{1

and
. 2 2
]lirgo HfP1,)\1,K1,(6j)HH1 = ”fPl)\LKl HHN

which implies that
lim — f N
i HfPl,)\l,Kl P1,)\1,K1,(6])||H1

||fP17>‘17K1||%[1 +Jll)né.lo ||fP17>\1,K1,(5]')||%[1 2 hm <fP1,/\17K1, fP1,>\17K1>H = O

In the same way, we can prove

Jll)rgo ||fP27)\2,K27(5j) = frono Kol = 0.

Since pj. is a convex, differentiable and Lipschitz continuous shifted loss function with constant

|pl1 and the uniform upper bound 1j for the derivative of pgj, Lemma yields that, for all
A1, Ao > 0,

||fP1,>\1,K1,(5j) - fP27>\2,K2,(6j)”H1
< éi(p, )‘17 >‘2)||P1 - P2Htv + éé(p, )‘17 >‘2)|)‘1 - )‘2| + éé(ﬂ, )‘17 )‘2) Sug ||K1(7$) - K2('7$)HH17
xe

where C}(p, A\, \2) := 71111;41’{{)'?1‘71)\2}7 Ch(p, A1, Xa) = 7min’f{|§2jl,>\§}’ and C4(p, A1, \g) 1= 7min4|{p)\‘1l,)\2}'

Therefore, our desired result is proved.
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6.4 Appendix D: Proofs for results in Section

Proof of Corollary[{.34 When m = 1, we take two kernels Ky, and Ky ,, both with depth
1, but with different weight parameters w and w. Notice that the univariate function g given by
g(u) = exp (=27 2u) satisfies max, o 1o0) [9'(1)| = 2772 So we know that for all z,2" € X,

sup HKW,’Yl('vx) - KW,'Yl('?'T)HOO

TEX
= sup ‘ exp ( — 277 2 Zw ;)2) — exp ( - 27{2212)1»2(% — :c;)Q)’
¢ eX i€l iel
< 297 sup lzw —xp)? =) @ (xi — )|
z,x'eX il
< QZ]w —w2]sup |z — 2} |?
el i\
< 297 %(diam(X Z Jw? —

el

But > ,c;w? <1and Y, ;w2 < 1, which yield

Do lwi—@f] =) fwi+ @il fw; — @i < w Wl |w =Wl < 2w — W
iel icl

Hence

SUD [ Koy (5 2) = B () oo < 47 (diam(X))?|[w — w2,
x

which leads to our first assertion (4.12)).

For the case of m > 1, recall the definition of depth m hierarchical Gaussian kernel as follows:
¢
-2 2
Kwo), . w1 s, m (z,2') = exp (—27m Zwi <1 - KW§1>,-~.7W§m72>,W§m71)771,...,7m_1(”TI“ x'll))) ,
i=1
and denote the deviation quantity at depth j € {1,...,m} as

oo

Ay = sup > | Ky z) — K 2)|
= s ) W w68 = Ko guen o (1)
(2

Since the norms of the weights satisfy
Wl =S w2 <1, j=1,...m,

where w(™ = w, we have

Zw? (1 - Ko W(m’”,wW*l),717...,vm_1(mfi’JU/I¢)> e [0,1].

i ot

The univariate function g given by g(u) = exp (—QV;ZQU) satisfies max,c(o1] 19’ (v)| = 2v.-2. Hence
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g is Lipschitz continuous. So we know that for x, 2’ € X7,

/ /
‘KW(I)v'-~7w(m_l)7W7717“~77m (x’ x ) - Kw(l)7---7W<m_1)7wv’ylv"'v’ym (x’ z )

< 2 Zw?ngD,...,wgmf%,wgm*)m,...ﬁm,lWwx'f) DK G gomen gomen (@, 2)
< 2 Zw ( wi,. vW(m%)7W5m71)7717--~ﬁm—1(xl“x/li) a KVV§1>,---7W§M72),ngﬂ)m,-.wm—l(xli’ x}))‘
¢
+27,2 Z W(1> 7W§m72)7W£m71)7717."’7m_1(l‘]l,ﬂjgi)
l
< 2y, Zw?Amfl +27,,0 ) Jwf — @}
=1 1=1
But Zle w? <1and >, ;w7 <1, which yield
)4
Do fwi =@ =Y fwi + @il [wi = @] < lw A+ Wl |w - We < 2w — Wl
' i=1

Hence
Ay < 472 |lwW — Wl 4+ 27,2 A1

Notice that A; < 2472 (diam(X))? [W®) — WO)|| 2. Then by induction we have

m—1
Ap < Ay2llw =Wl + Y 2" TP (I, %) [WY) = W |
j=2

+2™ (diam(X))? (I, 2) [WE = W2,

From this we obtain the assertion (4.13)). O
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